rates, and saturation levels of the hyperfine components addressed by the laser. We explain the origin and behavior of such features, and we provide a simple quantitative guideline to assess whether ghost features may appear. As such ghost features may be common to saturated Doppler-broadened spectra of rotational and vibrational transitions in trapped ions composed of partly overlapping lines, our work illustrates the necessity to use lineshape models that take into account all the relevant physics.
Introduction
Molecular hydrogen ions are the simplest molecules in nature, and their simple three-body structure allows highly precise calculations of their level structure and their interaction with electromagnetic fields. Vibrational level energies in the electronic ground state have been calculated with a relative uncertainty of the order of 10 −11 [2, 3] , and also the theoretical hyperfine structure is well known [4, 5] . In the deuterated molecular hydrogen ion, HD + , rovibrational overtone transitions in the (near-)infrared are weakly dipole allowed, leading to natural linewidths of the order of 10
Hz. In combination with the availability of high-accuracy theory, this has stimulated high-resolution laser spectroscopy of HD + in ion traps [6, 7, 8, 9, 1] . Typically, the transitions are detected through (1 + 1 ) resonance-enhanced multiphoton dissociation (REMPD) by monitoring the loss of HD + ions from the trap for various frequencies of the first (probe) laser, near or at resonance. To reduce Doppler broadening, HD + ions are sympathetically cooled by laser-cooled Be + ions to temperatures of about 10 mK [10] . Typically, the observed optical spectra have an irregular shape, which is caused by several partly overlapping Doppler-broadened hyperfine components, and effects of saturation (due to depletion of the finite amount of HD + available in the trap) and population redistribution among rotational levels by blackbody radiation (BBR). In early lineshape models, the contributions of individual hyperfine components were simply summed [11, 6, 12, 8] . However, Biesheuvel et al. presented an extended lineshape model which also accounted for the finite HD + sample size, the actual dissociation rate, and population redistribution by BBR. This model proved essential for performing the most precise vibrational frequency measurement in a molecular ion so far, leading to the most stringent test of molecular theory to date, improved bounds on the existence of possible 'new physics', and the first determination of the proton-electron mass ratio from molecular spectroscopy [1] .
Here, we theoretically study the Doppler-broadened hyperfine structure of the (v, L) :
(0, 3) → (4, 2) rovibrational transition in HD + . This transition is the first step of the two-photon transition proposed by Tran et al. [13] , which should enable Doppler-free spectroscopy of HD + at improved resolution. Apart from the Doppler-free signal, a background signal due to Doppler-broadened excitation will be present [13, 14] . To assess the effect of the latter, we employ the model of Biesheuvel et al. to study the (v, L) : (0, 3) → (4, 2) transition. We find that depending on the conditions (HD + temperature, transition rates, BBR temperature, and saturation level) this spectrum contains several ghost features, i.e. relatively narrow peaks in parts of the spectrum where no signal is expected as there are no nearby hyperfine components. In this work we describe these ghost features in detail and explain their origin, leading us to conclude that such features may be common to any saturated Doppler-broadened spectroscopy of transitions involving partly overlapping (hyperfine) subcomponents.
This article is organized as follows. In Sec. 2, we briefly review the rate equation model that was developed by Biesheuvel et al., followed by the calculation of the (v, L) : (0, 3) → (4, 2) spectrum in Sec. 3. The ghost features are described in detail in Sec. 4, followed by a description of their possible impact in Sec. 5 and the conclusions in Sec. 6.
Brief review of the rate equation model
The idea here is to describe the sample of HD + ions by a state vector, ρ(t), describing the population of all 62 hyperfine levels in the (v = 0, L ≤ 5) manifold ( Fig. 1) , which contains 97.6% of the population at a BBR temperature of 300 K. Ignoring states with L > 5 minimizes the computational resources needed for the numerical calculations. A measure of the total number of HD + ions can be obtained by summing over all elements of ρ(t), from which we can also obtain the spectroscopic REMPD signal (i.e. the fractional loss of HD + due to REMPD). The hyperfine structure arises from magnetic interactions between the proton spin, electron spin, deuteron spin and the molecular rotation, and is described in detail in references [11, 4] . States with L = 0, L = 1 and L ≥ 2 possess 4, 10 and 12 hyperfine levels, respectively, each having its own total angular momentum, J. We ignore Zeeman splittings and shifts due to typical magnetic fields of ∼ 0.2 mT as these are much smaller than the Doppler width of the transition at the 10 mK translational temperature of the HD + ions. During REMPD, the ions interact both with the probe radiation and the BBR field, and the time evolution of the population in the v = 0 manifold is given by the time evolution of the state vector
Here, M REMPD and M BBR are matrices describing the interactions with the spectroscopy probe laser (which induces the rovibrational transition of interest) and the BBR field, respectively. Assuming that the ions which make the transition are instantly dissociated by the dissociation laser allows treating the interaction with the probe radiation as a simple loss process. The matrix elements of M REMPD are strictly diagonal and can be written as
where B αα is the Einstein coefficient for stimulated absorption between the lower (hy- is the angular frequency of the 1442 nm probe laser, I probe is the intensity of the probe radiation, and c is the speed of light in vacuum.
The matrix M BBR contains both diagonal and off-diagonal elements, which take into account the rate of exchange of population between all involved levels α and α mediated through all possible electric-dipole transitions,
which correspond to spontaneous emission, stimulated emission and absorption by BBR, respectively. W(ω, T BBR ) is the energy density for BBR at frequency ω and temperature T BBR and can be expressed as
where and k B are the reduced Planck constant and Boltzmann constant, respectively.
We will assume T BBR = 300 K unless noted otherwise.
In the following section, we briefly describe the steps involved in the calculation of
The internal degrees of freedom of the HD + molecule (rotations and vibrations) have frequencies greater than 1 THz while the external degrees of freedom have frequencies less than 1 MHz. Hence, laser cooling the external degrees of freedom of the molecule effectively does not affect the internal degrees of freedom. However, the molecular rotation interacts relatively strongly with the ambient BBR field, leading to a thermal distribution of rotational-state population corresponding to 300 K [7] .
Since the molecules which have made the transition are efficiently dissociated, the probability of them decaying spontaneously to lower levels is negligible [1] . Hence, for the BBR interaction, only the v = 0 manifold is considered. The A αα , B αα and B α α coefficients between lower and upper levels α and α are calculated using the radial dipole matrix elements obtained in Ref. [15] . The hyperfine linestrengths are calculated following the approach of Refs. [11, 16] , and the corresponding Einstein rate coefficients are given in Ref. [13] . A manuscript giving a more detailed account of the lineshape model of Biesheuvel et al. is currently in preparation [17] . Inserting these coefficients in Eq. (1) allows quantifying the saturation and the Doppler broadening effects. To obtain highly accurate lineshapes it is in principle also required to take into account other systematic effects, such as possible non-thermal velocity distributions of the HD + ions, Zeeman splitting, and various line shifts, one of the most significant causes being the AC Stark effect [1] . However, such effects are marginal compared to the effects of Doppler broadening, REMPD and BBR, and for the purpose of the study in this article only the REMPD and the BBR interactions with a thermal ensemble of
Assuming a probe duration of 10 s, the rate equations are solved using the algorithm
NDSolve of Mathematica, resulting into simulated spectra as plotted in Fig. 2 . In components. In this region, the laser addresses both adjacent hyperfine states simultaneously, and for sufficiently high saturation levels, the signal can rise above the saturation levels of the individual hyperfine lines, thus giving rise to ghost features (Fig. 4) .
The strength of these peaks is proportional to the sum of the lower-state multiplicities of the hyperfine lines between which they show up. This is explained qualitatively Figure 5 (a) reveals that ghost features appear also in the absence of population redistribution by BBR, and the overall shape of the spectra resembles that of the spectra at T BBR = 300 K of Fig. 3(a) . Also the intensity of the probe laser has some effect on the strength and position of the ghost features. In Fig. 6 , the signal is plotted for different probe laser intensities. It can be seen that at relatively low laser intensity (100 µW in a 100 µm beam waist), the peaks are weak. If the laser power is increased to ≥ 1 mW so as to dissociate the excited molecules more efficiently (and thereby induce more saturation), the ghost features not only increase in strength but may also shift spectrally [towards more negative frequency in Fig. 6(a) ]. As the laser intensity is increased further, the shifting of these features becomes smaller. Figure 6 (a) also illustrates that random laser intensity variations may translate to additional signal noise with a spread that is enhanced at the location of a ghost feature, and reduced in between the ghost feature and a true hyperfine line [for example near −46.5 MHz in Fig. 6(a) ]. Another parameter that may affect the ghost features is the time for which the transition is probed. The longer the transitions are probed and the individual transitions get saturated, the more prominent these features become (Fig. 7) , until the duration becomes long enough to nearly deplete the entire initial population and spectral flattening occurs [ Fig. 7(b) ]. This can be attributed to the redistribution of population among rotational levels in the v = 0 manifold, which initially replenishes the population of the lower states of the transition (thereby limiting saturation), but on longer timescales leads to depletion of the sample of HD + ions and, thus, to enhanced saturation. Below we will show that for spectroscopy of molecular ions with a permanent electric dipole moment (such as HD + ), the appearance of ghost features is under certain conditions not determined by the probe duration, but by the lifetime of the initial state under the influence of BBR-driven rotational transitions and spontaneous decay. Let us consider two hyperfine transitions with center frequencies ν 1 and ν 2 , coupling lower hyperfine levels 1, 2 to excited states 1 , 2 respectively. We assume that neither transitions from state 1 to state 2 nor from 2 to 1 are allowed, and that there are no other transitions nearby. In this case we can denote the corresponding absorption rate coefficients by B 1 and B 2 . If we consider only levels 1 and 2 and ignore interaction with BBR, then it follows from Eqs. (1) and (2) that the interaction of the probe laser (having frequency ν) with the two lines leads to a REMPD rate proportional to
As before, we assume that any excited-state population is dissociated with unit probability. We can study the appearance and behavior of ghost features in between these two hyperfine components by considering the saturation levels near the point where the two lineshapes in Eq. (4) intersect as follows. The two terms in Eq. (4) correspond to Gaussian lineshape functions centered at ν 1 and ν 2 , respectively, both having a full-width-half-maximum Doppler width ∆ D , for which the intersection occurs at a frequency ν X given by
Note that ν X , through the Doppler width ∆ D = (8 ln 2 k B T HD + /m) 1/2 /λ, depends on T HD + (here k B is Boltzmann's constant and λ = c/ν). We furthermore point out that
Eq. (5) requires only relative linestrengths. In Fig. 5(a) , we show the positions ν X for two pairs of transitions and for various HD + temperatures. While the peak position of a ghost feature often is displaced slightly from ν X (depending on the relative strengths and lower-state multiplicities of the hyperfine transitions involved), it is typically found in the vicinity of ν X . Equation (5) therefore also gives some quantitative insight in the shift of the ghost feature frequency with Doppler width and transition strength.
Knowing the value of ν X , we can also estimate the conditions under which ghost features may occur. By definition, at ν = ν X , the populations in levels 1 and 2 are dissociated at the same rate. Therefore, with n(t) being the sum of the populations in levels 1 and 2, the population in each level i = 1, 2 is given by n(t)Λ i /(Λ 1 + Λ 2 ), and n(t) can be described by as a single exponential decay as follows,
again emphasizing that ν X is a function of T HD + . Replacing t with the total interaction time, τ, reveals whether significant saturation due to depletion occurs (i.e. n(τ)/n(0) we find for τ = 4.4 s that n(τ)/n(0) ≈ 1 for T HD + < 1.3 mK (i.e. no saturation and therefore no ghost features), while n(τ)/n(0) ≈ 0 for T HD + > 2.3 mK, indicating strong saturation so that ghost features may be expected (see also Fig. 9 ). These findings, obtained from the relatively simple Eqs. (5) and (6), is in agreement with the curves shown in Fig. 5(a) obtained from the full model. We also find that for intermediate values, 0.05 n(τ)/n(0) 0.95, individual hyperfine components start to overlap significantly, but ghost features typically remain absent.
To provide more insight into the role of spontaneous decay and BBR-induced rotational transitions involving the v = 0, L = 3 initial state in relation to Eq. (6), we have plotted the same part of the spectrum, for various probe times, for four different scenarios in Fig. 8 . A relatively low HD + temperature of 1.5 mK is used for all four scenarios. In Fig. 8(a) , we fully disable spontaneous decay and BBR by removing the term M BBR · ρ(t) from Eq. (1). As a consequence, τ is determined entirely by the probe duration. We note that this scenario is similar to laser spectroscopy of trapped molecular ions without a permanent electric dipole moment, such as H resolved, but for longer probe durations (≥ 100 s) a ghost feature appears. This is fully in line with Eq. (6), which predicts that ghost features appear at 1.5 mK for probe times of 100 s and longer (see Fig. 9 ). This situation changes drastically when spontaneous emission from the v = 0, L = 3 initial state to v = 0, L = 2 is introduced, as shown in Fig. 8(b) . In this case, the interaction time τ is effectively limited to the 4.4 s lifetime of the v = 0, L = 3 state, and probing for 10 s or longer does not change the spectrum. In Fig. 8(c) away from each hyperfine component [13] . Turning now to Fig. 3(a) , we note that the hyperfine sticks at −56 MHz and −43 MHz are 13 MHz apart, which is more than twice the 6 MHz Doppler width at 5 mK. One might therefore naively guess that the Doppler-broadened signal should be suppressed near −49.5 MHz, and that this might be a suitable frequency for the first laser in the two-photon spectroscopy to be tuned to.
However, at 5 mK this region of the spectrum exhibits an enhanced Doppler-broadened signal in the form of a ghost feature. In Ref. [18] we identified suitable positions in the (v, L) : (0, 3) → (4, 2) spectrum for the two-photon spectroscopy envisaged by Tran et al. [13] .
Summary and conclusion
In this article, we have used the rate equation model developed by Biesheuvel et al. 
